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Introduction

1.1 Suggested reading

This handout is by no means complete and is based on my hand written lecture
It is intended as a practical guide and will be useful as a reference.
It complements the lecture and the labs and it will be up to you to do more
background reading about this exciting topic.

e Digital Signal Processing by John G. Proakis and Dimitris K Manolakis

e Digital Signal Processing: System Analysis and Design by Paulo S. R.

Diniz, Eduardo A. B. da Silva, and Sergio L. Netto



1.2 Advantages of digital signal processing
e flexible: reconfigurable in software!
e casy storage: numbers!
e cheaper than analogue design

e very reproducible results (virtually no drift)

1.3 Development boards

Buy a DSP development board and play with it. For example, the MSP430 by TI
is an excellent processor to play with. Also recommended are the development
boards from analog devices. You get them either directly from the company or
from a distributor such as Farnell or RS.

2 MATLAB/Octave Intro

Matlab is the abbreviation for Matrix Lab and is sold by Mathworks. Most
computers have MATLARB installed in the building. We have also installed the
free MATLAB clone, called “octave” which can be downloaded from:
http://www.gnu.org/software/octave/. Its newest version is 99% compati-
ble to MATLAB. Try it out!

It is very important that you familiarise yourself with MATLAB/OCTAVE
as soon as possible as it is an invaluable tool not only for DSP but for virtually
an software problem. In particular it is very useful to first try out an algorithm
in MATLAB/OCTAVE before it is implemented in C/C++ on a real DSP.

2.1 Help

Help is at hand for all functions, for example plot:
help plot
Both OCTAVE and MATLAB have also an extensive online help and user fo-

rums.

2.2 Simple Arithmetic
e 2+3 prints the result
e a=2+3 stores it in the variable a
e a=2+3; suppresses the result

e a prints the result!

2.3 Numbers
e 6E23=6-10%3

e 2i or 2j are complex numbers.



2.4 How to Script

You can either type in commands directly in the command line or store them in
a file as a list of instructions. Write your commands in any text editor and save
it as an .m-file. Within MATLAB or OCTAVE you can write edit hello.m
and it will start a suitable editor. Under Windows you can use notepad to edit
the m-files. Under Linux any editor, such as gnome-edit or emacs can be used.
Run the script within MATLAB or OCTAVE by typing just the name of the
file without the .m-suffix, for example hello.

2.5 Vectors

ep=1[1977]; orp=[1,9,77]; is a vector with the components 1,2
and 77.

ep=(0:0.1: 1); generates 0,0.1,0.2,...,1.

e p(2) gives the second element of the vector (the index counts from 1).

2.6 Functions

We’ve got all the standard functions such as sin, cos, tan, exp, ....
What happens if we type?

x = (0:0.1:6.2);
y = sin(x);
y

The variable y is again a vector! All elements are processed at the same time.

However, this also means that MATLAB is a-causal because you need to
have the whole signal to process it. It is therefore not real time. Such programs
should be finally written in C/C++ after having tested in MATLAB.

2.7 Plotting of Function:
Plotting a sine wave:

x=(0:0.1:2x*pi);
y = sin(x);
plot(x,y);

If you want to create more plot-windows you can use the command figure.
Access the windows with the commands figure(1), figure(2).
How to make it nice?

axis([-10,10,-1,1]1);
title("Blah");
xlabel("time");
ylabel("sinc");

How to plot more than one function? plot (x, sin(x), x, cos(x));



2.7.1 Saving graphics as a file

With the print command you can save a figure on the hard drive in various
formats or directly send it to the printer. Under UNIX this is postscript by
default and can be imported into LaTeX, CorelDraw or Adobe Illustrator. In
general use a vector file format (EPS,SVG,PDF,...) and not a pixel based
format (especially JPEG is nono!). Consult the online help to find out more
about the different options of the print command.

2.8 Matrix

The matrix:
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is entered in MATLAB in the following way:
a=1[123;456; 78 9];
or

a=1[1,2,3;4,5,6;7,8,9];

Note the use of spaces and “;”.
How to access a single element?

a(1,2)

gives us the result 2.
and a couple of elements to form a vector:

a(1:2,2) access the second column and the first two rows.
a( : ,2) access all elements of the second column.

Example: ecg is a matrix and you want to plot one column of it:

plot (ecg ( : ,2));

2.8.1 Importing data

MATLAB/OCTAVE like data in matrix format where the elements are sepa-
rated with spaces. To load such data files just type in: load ‘‘filename’’.
This creates a matrix with the same name. For example, the file:

bernd:~/teaching> cat ekg2.dat
0 22 -39 -661

3 44 -6 -664
6 59 32 -668
9 61 76 -672

12 58 120 -677
15 50 141 -681
18 39 130 -685

turns into the matrix:



octave:1> load "ekg2.dat"
octave:2> ekg2

ekg2 =
0 22 -39 -661
3 44 -6 -664
6 59 32 -668
9 61 76 -672

12 58 120 -677
15 50 141 -681
18 39 130 -685

octave:3>

Thus, if you want to write software which creates MATLAB/OCTAVE readable
data then just export it as space separated ASCII files.

2.9 Loops
Imagine you want to calculate the average of the vector y.

avg = 0
for i
avg
end
avg/length (y)

l:length(y)
avg + y(i)

2.10 User defined functions

Create a file which contains the function. The filename must be the same as
the function name.

For example, the above average calculations can be stored in the file “myav-
erage.m” with the content:

Function r = myaverage(g)

avg = 0

for i =1 : length (g)
avg = avg + g(i);

end

r = avg / length(g);

2.11 Conditionals

if a > ¢

2.12 Audio Commands
2.12.1 Load Awudio

happy = wavread ("im_so_happy.wav");



[happy,fs,bits] = wavread ("im_so_happy.wav");
Again, the variable “happy” will be a matrix.

2.12.2 Save audio

wavwrite (happy, fs, "test.wav");

Note that you have to specify the sampling rate!



3 Signal conversion

Analogue — A/D — Digital processing — D/A — Analogue (2)

3.1 A/D conversion

1. sampling

X.(nT) = x(n) (3)
N—— ~—~
analogue signal  discrete data

e X,: analogue signal
e T: sampling interval, % = F is the sampling rate

e z(n): discrete data

2. quantisation: Continuous value into discrete steps. X (n) — X,(n)

3. Coding X,(n) — into binary sequence or integer numbers.

3.2 D/A Conversion

Back to analogue. The D/A converter needs to interpolate between the samples
to get the original signal back without error! This is usually done by a simple
low pass filter.

4 Sampling of Analogue Signals

The analogue signal X, is sampled at intervals T' to get the sampled signal
X(n).
X(n) = Xy(nT), —00 < n < 400 (4)

4.1 Normalised frequency

Note that the sampling frequency
Fo=— (5)

is lost and needs to be stored additionally so that the analogue signal can be

reconstructed: n

— 6
) (6

What is the frequency range of our digital signal? What is the maximum
frequency in digital terms? Fig 1 shows that the max frequency is 0.5 because
we need two samples to represent a “wave”. The frequency range 0...0.5 is
called the normalised frequency range. What is the relation between normalised
frequency and sampling rate?

Let’s have a look at the analog signal X, (t) with the frequency F":

Xo(t) = Xo(nT) = Xof

X, (t) = Acos(2nFt) (7)
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Figure 1: Maximum frequency of a sampled signal is half the normalised frequency.

and we sample it only at:
t=n/Fs (8)

Then the digital signal is:
Xo(n) = Acos(2nF/Fyn) (9)

Now, we can define the normalised frequency as:
Normalised frequency: f== (10)

which has its max value at 0.5 which represents one period of a sine wave within
two samples?

4.2 Nyquist frequency

Recall that the max value for the normalised frequency f is 0.5 and that:
Xa(n) = Acos(2mnf) (11)

with n as an integer because we are sampling.
What happens above f > 0.57 Imagine f =1

Xa(n) =cos(2mn) =1 f=1 (12)

which gives us DC or zero frequency. The same is true for f = 2,3,4,.... We
see that above f = 0.5 we never get higher frequencies. Instead they will always
stay between 0...0.5 for the simple reason that it is not possible to represent
higher frequencies. This will be discussed later in greater detail.

The ratio F'/Fs must be lower than 0.5 to avoid ambiguity or in other words
the maximum frequency in a signal must be lower than %FS. This is the Nyquist
frequency.

If there are higher frequencies in the signal then these frequencies are “folded
down” into the frequency range of 0. .. %FS and creating an alias of its original
frequency in the so called “baseband” (f =0...0.5). As long as the alias is not

2Note that the normalised frequency in MATLAB is differently defined. In MATLAB it is
annoyingly defined as fyfATLAB = ZFL. So, in other words fyjaTI,AB = 1 is the Nyquist
frequency instead of f = 0.5 as normally defined.
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overlapping with other signal components in the baseband this can be used to
downmix a signal. This leads to the general definition of the sampling theorem
which states that the bandwidth B of the input signal must be half of the
sampling rate Fj:

1
B < F, (13)

The frequency %FS is called the Nyquist frequency.

A
SAR AID
signal
E
H(F
B [HE Fs/2
w

v

Figure 2: Anti alias filtering. A) with a lowpass filter. B) with a sigma delta converter
with very high sampling rate.

What do we do if the signal contains frequencies above %FS? There are two
ways to tackle this problem: The classical way is to use a lowpass filter (see
Fig. 2A) which filters out all frequencies above the Nyquist frequency. However
this might be difficult in applications with high resolution A/D converters. Al-
ternatively one can use a much higher sampling rate to avoid aliasing. This is
the idea of the sigma delta converter which operates at sampling rates hundred
times higher than the Nyquist frequency.

4.3 Reconstruction of an analogue signal: Sampling theo-
rem

Is it possible to reconstruct an analogue signal from a digital signal which con-
tains only frequencies below the Nyquist frequency?

Fy > 2Fmax (14)
where Fmax is max frequency in the signal which we represent by sine waves:
xa(t) = Z A; cos(2nFit + ©;) (15)
i=1

The analogue signal z,(t) can be completely reconstructed if:

sin 2w Bt
A I —— 16
o(t) = 227 (16)
with
B = Fmax (17)

11
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Figure 3: A is the quantisation step.

5 Quantisation of analogue signals

A /D converters have a certain resolution. For example, the MAX1271 has a
resolution of 12 bits which means that it divides the input range into 4096 equal
steps (see Fig 3).

Imax — Tmin

71 (19)

A = quantisation step =
where zmax — Tpjp 18 the dynamic range in volt (for example 4.096V) and L
is the number of quantisation steps (for example, 4096). A is the quantisation
step which defines minimal voltage change which is needed to see a change in
the output of the quantiser. The operation of the quantiser can be written down
as:

zq(n) = Qz(n)] (20)

5.1 Quantisation error

Fig. 4 shows error produced by the quantiser in the worst case scenario. From
that it can be seen that the maximum quantisation error is half the quantisation
step:

A A
The smaller the quantisation step A the lower the error!
What is the mean square error P,?
1 /7 5
Py=— [ e, (t)dt (22)
T Jo
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Figure 4: Illustration of the quantisation error. It is zero at t = 0 and increases to the
edges of the sampling interval. Illustrated is the worst case scenario. This repeats in
the next sampling interval and so forth.

17 /AN
P, = - — | ¢ 2
q 7_/0 (27_) t°dt (23)

AZ (T
= — | tdt 24
47—2 0 ( )
AZ? A2
P =—_7r="="" 2
97 12737 T 12 (25)
What is the relative error to a sine wave?
1 Ty A2
P, = Tp/o (AcosQt)?dt = 5 (26)
Ratio to signal power to noise:
P, A% 12
N = = =—.— 2
SQNR P, 2 A2 (27)
6A2
- AT (28)

This equation needs to be interpreted with care because increasing the amplitude
of the input signal might lead to saturation if the input range of the A/D
converter is exceeded.

6 Frequency representation of signals
Often we are more interested in the frequency representation of signals than the
evolution in time.

We will use small letters for time domain representation and capital letters
for the frequency representation, for example X (F) and x(t).

13



6.1 Continuous time and frequency
6.1.1 Periodic signals

Periodic signals can be composed of sine waves :

x(t) = Z cpel 2Rt (29)

k=—o00

where F is the principle or fundamental frequency and k # 1 are the harmonics
with strength c;. Usually ¢; is set to 1. This is a Fourier series with c; as
coefficients. For example an ECG has a fundamental frequency of about 1Hz
(60 beats per minute). However, the harmonics give the ECG its characteristic
peak like shape.

How do we find the coefficients ¢ ?

o= & / 2(t)e 2R gy (30)
Ty Jr,

For simple cases there are analytical solutions for ¢, for example for square
waves, triangle wave, etc.
What are the properties of ¢;?

o =y, & x(t) is real (31)

or
e = ||l (32)
cop = |cp|e I (33)

Proof: with the handy equation. ..

1 X .
Ccos 2 = 5 (ezz + ezz) (34)
we get
z(t) = co+ Z | i, | €90k eI2mhELE 4 Z | e | e 90k e=I2nkFat (35
k=1 k=1
= ¢+ 22 | ek | cos(2mkFyt + 6y) (36)

k=1

How are the frequencies distributed? Let’s have a look at the frequency
spectrum of a periodic signal: P =| ¢ |2

e There are discrete frequency peaks
e Spacing of the peaks is T% =R

e Only the positive frequencies are needed: c_j = cj,

14



6.1.2 A-periodic signals

In case nothing is known about X (¢) we need to integrate over all frequencies
instead of just the discrete frequencies.

X(F) = /OO x(t)e 92 Ft gy (37)

— 00

Consequently, the frequency spectrum X (F) is continuous.

2(l) = /_ T X(F)e g (38)

6.2 Sampled time and/or frequency
6.2.1 Discrete time Fourier Transform

The signal x(n) is discrete whereas the resulting frequency spectrum is consid-
ered as continuous (arbitrary signals).

e Analysis or direct transform:

X(w) = Z x(n)e Ivm (39)
e Synthesis or inverse transform:
1 (7 -
z(n) = — X(w)e’ ™ dw (40)
2 J_,
1 05 -
= — X Jeming 41
5 | X(einas (41)

note the range here. f is the normalised frequency.

6.2.2 The effect of time domain sampling on the spectrum (Sampling
theorem)

What effect has time domain sampling on the frequency spectrum? Imagine we
have an analog spectrum X,(F) from a continuous signal (x(¢). We want to
know how the spectrum X (F) of the discrete signal x(n) looks like.

X(F) & X, (F) (42)

The signal is represented by z(n) so that we can equate the Fourier transforms
of the sampled spectrum X (F') and of the analogue spectrum X, (F).

0.5 ) “+00 )
/ X(f) e*ingf = Xo(F) ¥ F/Fsgp (43)
—0.5 S~~~ —00 N=——
sampled cont

Obviously X (f) must be different to accommodate the different integration
ranges. The trick is now to divide the integral on the right hand side of Eq. 43
into chunks to make it compatible to the range on the left hand hand side.

15
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Figure 5: Effect of sampling on the spectrum.

Remember that the normalised frequency is f = F/F, which allows us to
change the integration to analogue frequency on both sides:

Fy /2 +o0 4
/ eﬂ”"F/ Fedp = Xo(F)e??™FIEqF (44)
F F,/2 —00

and now we divide the right hand side into chunks of F; which corresponds to
the integration range on the left hand side.

+o0 ‘ - 00 +1iF 4+kF _ .
X, (F)ed*™ %= dF > / X (F)e?>™ 5 dF  (45)
o — 3P +kF,

k=—o00

+3F,
Z / X, (F — kF,) ¢/>™% dF (46)

k=—o0 kF. omit.

+ oo
/2 S Xu(F = kE,) e>™FdF  (47)

Fs p=—oo

=x(F) of Eq. 44

This gives us now an equation for the sampled spectrum:

X(F/Fs) = F, i Xa(F_sz) (48)
k=—00

X(f) = Fj Z Xa[(f_k;)Fs] (49)
k=—oc0

This equation can now be interpreted. In order to get the sampled spectrum
X(F) we need to make copies of the analog spectrum X, (F') and place these

16



copies at multiples of the sampling rate Fs (see Fig. 5). This illustrates also the
sampling theorem: if the bandwidth of the spectrum is wider than Fy/2 then
the copies of the analogue spectrum will overlap and reconstruction would be
impossible. This is called aliasing. Note that it is not necessary bad that the
spectrum of the analogue signal lies within the range of the so called “base band”
—F/2...F/2. It can also lie in another frequency range further up, for example
—F/2+34...F/2+ 34 as long as the bandwidth does not exceed Fs/2. If it is
placed further up it will automatically show up in the baseband —F/2...F/2
which is called “fold down”. This can be used for our purposes if we want to
down mix a signal.

6.2.3 Discrete Fourier Transform (DFT)

So far we have only sampled in the time domain. However, on a digital computer
the Fourier spectrum will always be a discrete spectrum.
The discrete Fourier Transform (DFT) is defined as:

N-1
X (k)= a(n)e 2™ /N g =0,1,2,... N~ 1 (50)

where N is the number of samples in both the time and frequency domain.
The inverse discrete Fourier Transform (IDFT) is defined as:

N-1
1 )
2(n) = D X (K)o =012, N —1 (51)
k=0
x(n)

\ N

N 2N

jV

Figure 6: Effect of sampling in the frequency domain. The inverse in the time domain
z(n) contains repetitions of the original signal.

What is the effect in the timedomain of this discretisation? We start with the
continuous Fourier transform and discretise it into N samples in the frequency
domain:

2 > P2m g
N —_ —J5 kN . _
X(Nk>_ > a(n)e ¥ k=0,...,N—1 (52)

n—=—oo

Let’s subdivide the sum into chunks of length N:

X(%k) - i lNiN:_lx(n)e—j%’kn (53)

l=—0c0 n=IN

17



Periodic repetition!
We note the following:
e Ambiguity in the time domain
e The signal is repeated every N samples

Practically this repetition won’t show up because the number of samples is
limited to N in the inverse transform. However, for operations which shift
signals in the frequency domain it is important to remember that we shift a
periodic time series. If we shift it out at the end of the array we will get it back
at the start of the array.

x(n)
sampled signal
| >
N-1 n
X(k) _
Nyquist frequency spectrum
DC
« frequ.
L
| | R
N/2 N-1 Kk
mirror

Figure 7: Example of a DFT. The sampled signal x(n) is converted to the spectrum
X (k). Both have N samples. Note the redundancy: the spectrum is mirrored around
N/2. The first value X (0) is the DC value of the signal. However this is the only
sample which is not mirrored.

Fig. 7 shows an example of a DFT. It is important to know that the spectrum
is mirrored around N/2. DC is represented by X (0) and the Nyquist frequency
F,/2 is represented by X (NN/2). The mirroring occurs because the input signal
x(n) is real. This is important if one wants to modify the spectrum X (F') by
hand, for example to eliminate 50Hz noise. One needs to zero two elements of
X (F) to zero. This is illustrated in this MATLAB code:

18



yi=fft(y);

% the sampling rate is 1kHz. We’ve got 2000 samples.

% midpoint at the ifft is 1000 which corresponds to 500Hz
% So, 100 corresponds to 50Hz

% HOWEVER: We are counting from 1 and not from zero
y£(100:102)=0;

% and the mirror

y£(1900:1902)=0;

A

yi=ifft(yf);

This filters out the 50Hz hum from the signal y with sampling rate 1000Hz.
The signal yi should be real valued again or contain only very small complex
numbers due to numerical errors.

6.2.4 Properties of the DFT

e Periodicity:

z(n+ N) = z(n) (56)
X(k+N) = X(k) (57)

e Symmetry: if z(n) real:
z(n) isreal & X" (k) = X(—k) = X(N — k) (58)

This is important when manipulating X (k) by hand.

e Time Reversal:

z(n) < X(k) (59)
z(—n) < X(N—k) (60)
e Convolution:
X1 (k)X2(k) < z1(n) * z2(n) (61)
with

N-1
z3(m) = Z z1(n)ze(m —n) (62)

n=0

More useful equations are at Proakis and Manolakis (1996, pp.415).

6.2.5 Problems with finite length DFTs
ZTy(n) =z(n) - w(n) (63)

where x is the input signal and w(n) represents a function which is 1 from n = 0
ton =L — 1 so that we have L samples from the signal z(n).
To illustrate the effect of this finite sequence we introduce a sine wave x(n) =
cos won which has just two peaks in a proper Fourier spectrum at —w and +w.
The spectrum of the rectangular window with the width L is:
W(w) = M —jw(L—-1)/2 (64)

sin(w/2) ¢
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Figure 8: The effect of windowing on the DFT.

The resulting spectrum is then:
X3(w) = X(w) * W(w) (65)

Because the spectrum of X (w) consists of just two delta functions the spec-
trum X3(w) contains the window spectrum W(w) twice at —w and 4w (see
Fig. 8). This is called leakage. Solutions to solve the leakage problem? Use
Windows with a narrower spectrum and with less ripples (see FIR filters).

6.2.6 Fast Fourier Transform

We can rewrite the DFT (Eq. 50) in a slightly more compact form:

N
X(k) =Y a(n)Wi (66)

n=0
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with the constant: A
Wy = e 727/N (67)

The problem with the DFT is that it needs N2 multiplications. How can we
reduce the number of multiplications? Idea: Let’s divide the DFT in an odd
and an even sequence:

x(2m) (68)
N
x(2m + 1), m=0,....., 5 1 (69)
which gives us:
N/2—1 N/2—1

X(k)y = > a@em)Wit+ Z (2m + WY (70)

N/2—-1 N/271
= Y zCm)WRE+WE > z@m+ )W (71)

m=0 m=0
= F.(k)+ WNEF,(k) (72)

F, and F, have both half the length of the original sequence and need only
(N/2)? multiplication, so in total 2 - (N/2)? = N72 Basically by dividing the
sequence in even and odd parts we can reduce the number of multiplications by
2. Obviously, the next step is then to subdivide the two sequences F.(k) and

F,(k) even further into something like Fe.(k), Feo(k), Foe(k) and F,, (k).

divide _ divide

* 2 point
+ DFT > IX(O)
+ 2 point I
*LDFT odd >

Ho

Ho

_>

_’

_’

Ho

Ho

_>

_’

even e
Ho
> X(N-1)
N=2 N=4 N/2 N

2-point DFTs recombination algebras

Figure 9: Illustration of the Fast Fourier Algorithm. The sequence of N samples is
recursively divided into subsequences of odd and even samples.

In general the recipe for the calculation of the FFT is:

Xl(k) = Xie(k) + WLka(k) (73)
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Wf is the phase factor in front of the odd sequence. This is continued until we
have only two point (N = 2) DFTs (see Eq. 66):

DC:  X(0) = =(0)+ W3 z(1) = 2(0) + (1) (74)
Y

Nyquist frequ.: X(1) = x(0)+ Wy z(1) = 2(0) — 2(1) (75)
N

-1

A two point DFT operates only on two samples which can represent only two
frequencies: DC and the Nyquist frequency which makes the calculation trivial.
Eq. 74 is an averager and Eq. 75 is basically a differentiator which gives the
max output for the sequence 1,—1,1,—1,.... Fig. 9 illustrates how to divide
the initial sequence to arrive at 2 point DFTs. In other words the calculation
of the full DFT is done by first calculating N/2 2 point DFTs and recombining
the results with the help of Eq. 73. This is sometimes called the “Butterfly”
algorithm because the data flow diagram can be drawn as a butterfly. The
number of complex multiplications reduces in this approach to N log, N which
is actually the worst case scenario because many WF usually turn out to be
1,—1,j,—7 which are just sign inversions or swaps of real and imaginary parts.
A clever implementation of this algorithm will be even faster.

In summary the idea behind the FFT algorithms is to divide the sequence
into subsequences. Here we have presented the most popular radix 2 algorithm.
The radix 4 is even more efficient and there are also algorithms for divisions
into prime numbers and other rather exotic divisions. However, the main idea
is always the same: subsample the data in a clever way so that the final DFT
becomes trivial.

6.3 Software

In Teukolsky et al. (2007) you’ll find highly optimised C code for Fourier trans-
forms. Most Linux distros (Ubuntu, Suse, RedHat, ...) come with an excellent
FFT library called 1ibfftw3.

200
x(n) IX(F)I
. 3500

3000
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2500
50

2000
0
1500
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-100
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-150

0 - s
0 50 100 150 200 250 p/sampl 0 20 40 60 80 100 120 140 F/Hz

Figure 10: An ECG signal in the time- and frequency domain.
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6.4 Visualisation

The Fourier spectrum is a complex function of frequency which cannot be dis-
played in a convenient way. Usually the amplitude or magnitude of the spectrum
is of interest (see Fig. 10) which is calculated as the absolute value | X (F)| of
the Fourier spectrum X(F). In addition the phase might be of interest which is
calculated as arg(X(F)).

e Magnitude or Amplitude: |X(F)|
e Phase: arg(X(F))
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7 Causal Signal Processing

7.1 Motivation

Here are some randomly chosen reasons why we need causal signal processing:

e Fourier transform is not real time. We need the whole signal from the first
to the last sample.

e Reaction time: in time critical systems (robotics) we want to react fast.
as little delay as possible!

o We would like to “recycle” our analogue math.

delta
pulse

—»| Filter |—»

t

A
A4

~V

Figure 11: A causal system only reacts to it’s input. Causal signals only evolve in
positive time. Per definition the signal is zero for ¢ < 0.

7.2 Causality

Fig. 11 illustrates the concept of causality. Causal systems cannot look into the
future. They can only react to a certain input. Causal signals are kept zero for
t < 0 per definition.

7.3 Convolution of Causal Signal

After having defined causality we can define the convolution:

oo

y(t) = h(t) * z(t) = / h(t — 7)x(r)dr (76)

Note the reversal of integration of the function h. This is characteristic of the
convolution. At time ¢ = 0 only the values at h(0) and z(0) are evaluated (see
Fig. 12). Note that both functions are zero for ¢ < 0 (causality!). At ¢ > 0 the
surface which is integrated grows as shown in Fig. 12 for ¢t = 1.

What happens if z(t) = §(¢)? Then Eq. 76:

y(t) = /OO h(t — 7)é(7)dT = h(t) (77)

—oo
provides us with the function h(t) itself. This will be used later to determine
the impulse response of the filter.
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Figure 12: Illustration of the convolution. The shaded area shows the integration for
t=1.

7.4 Laplace transform

The Fourier transform is not suitable for causal systems because it requires the
whole signal from —oo < t < 400. What we need is a transform which works
with causal signals. This is the Laplace transform:

LT (h(t)) = H(s) = /0 T (e tar (78)

The Laplace transform has a couple of very useful properties:

e Integration:

/ f(r)dr & ZF(s) (79)
e Differentiation: p
/@) & sF(s) (80)
e Shift:
ft=T) < e T5F(s) (81)
Proof:
LT(h(t-T)) = /00 h(t—T)e *'dt (82)
0 causal
= / h h(t)e T gy (83)
0
= /OC h(t)ec Stec " dt (84)
0
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~—_———
H(s)
= e *TH(s) (86)
e Convolution:
f(t) = g(t) & F(s)G(s) (87)

delta

pulse Filter
Ih(t) <=>HEs) [

Figure 13: General idea of a filter and how to describe it: either with its impulse
response or with it’s Laplace transforms.

7.5 Filters

Fig. 13 presents a causal filter as a black box. We send in a signal and and we
get a signal out of it. The operation of the filter is that of a convolution of the
input signal or a multiplication in the Laplace space:

g(t) =h(t)xz(t) & Y(s) = H(s) - X(s) (88)

7.5.1 How to characterise filters?

1. Impulse Response

z(t) = 4(t) «— deta pulse (89)
h(t) = y(t) — impulse response (90)
(91)

The filter is fully characterised by its impulse response h(t)

2. Transfer function The Laplace transform of the impulse response is
called Transfer Function. With the argument jw we get the frequency
response of the filter. What does the frequency response tell us about the
filter? The absolute value of the

|H (iw)] (92)

gives us the amplitude or magnitude for every frequency (compare the
Fourier transform). The angle of the term H (jw) gives us the phase shift:

¢ = arg (H(iw)) (93)
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of the filter. In this context the group delay can be defined as:

do(w)
= —" 94
Tw dw ( )
which is delay for a certain frequency w. In many applications this should

be kept constant for all frequencies.

7.6 The z-transform

The Laplace transform is for continuous causal signals but in DSP we have
sampled signals. So, we need to investigate what happens if we feed a sampled

signal:

x(t) = Z x(n)d(t —nT) Sampled signal (95)

n=0

into the Laplace transform:

X(s) = Zx(n)e*S"T (96)

n=0

= /0 x(n)e stdt (97)

= > z(n) (e )" (98)
n=0 —1l—g—s

— Zm(n)(z_l)" z-transform (99)
n=0

What is 757 = 2717 It’s a unit delay (see Eq. 81).

Ho) HE® |
4 evaluation N evaluation
along the along the
im_aginary unit
axis R circle
jo
H(o) HE™)
© o

Figure 14: Comparing the calculation of the frequency response in the continuous case
and sampled case.
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7.7 Frequency response of a sampled filter

Reminder: for analogue Signals we had H(s) with s = jw. Let’s substitute s
by z: 27! = e~ which gives us in general a mapping between the continuous
domain and the sampled domain:

z=eT (100)

With s = jw this gives us z = ¢/“ and therefore the frequency response of the
digital filter is: ‘
H(e™) (101)

which then leads to the amplitude and phase response:

e Amplitude/Magnitude: _
[H(e")] (102)

e Phase '
arg H(e') (103)

Fig. 14 shows the difference between continuous and sampled signal. While in
the continuous case the frequency response is evaluated along the imaginary
axis, in the sampled case it happens along the unit circle which makes the
response periodic! This is a subtle implication of the sampling theorem.

X(t)T T ¢ T ¢ T T//- T 1 y(ﬂ»
)

h(0) h(T) h(2T) h(3T) h(nT

Figure 15: FIR filter

7.8 FIR Filter

What happens if we sample the impulse response h(t) of an analogue filter?
Let’s find out:

h(t) =Y h(nT)3(t —nT) (104)
n=0
If we transform it to the Laplace space it looks like this:
H(s) =Y h(nT)(e")" (105)
n=0 S——
=1

Remember that e~*7 has a very handy meaning: it is a delay by the unit time
step (Eq. 81). Thus z7" is a delay by n time steps. We can rewrite Eq. 105:

oo

H(z)=> h(nT)(z"")" (106)

n=0
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This is the z-transform of the impulse response h(t) of the filter.
We filter now the signal X (z) with H(z):

H(2)X(z) = Z h(nT)z™" X(z) (107)
n=0

H(z)

This sum is a direct recipe how to filter the signal X(z). We only need
the impulse response of the filter A(nT) and we can set up a digital filter (see
Fig. 15).

7.8.1 FIR filter implementations

e MATLAB / OCTAVE: Both programs have the command filter which
performs the operation of an FIR filter:

y=filter(h,1,x);

This filters the signal x with the impulse response h.

e C++: This is a simple example of a filter which stores the values in
a simple linear buffer bufferFIR which stores the delayed values. The
coefficients are stored in coeffFIR.

float filter(float value) {
// shift
for (int i=taps-1;i>0;i--) {
bufferFIR[i]l=bufferFIR[i-1];
}
//store new value
bufferFIR[0]=value;
//calculate result
for (int i=0;i<taps;i++) {
output +=bufferFIR[i]*coeffFIR[i];
}
return output;

3

More sophisticated code can be found in Teukolsky et al. (2007). This book is
strongly recommended for any C programmer who needs efficient solutions.

7.8.2 Constant group delay or linear phase filter
So far the FIR filter has no constant group delay which is defined by:

_ do(w)

Tw = dw

This means that different frequencies arrive at the output of the filter earlier
or later. This is not desirable. The group delay 7, should be constant for all
frequencies w so that all frequencies arrive at the same time at the output y of
the filter.

(108)
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A constant group delay can be achieved by restricting ourselves to the trans-
fer function:

H(e™) = B(w)e @ Ti? (109)

where B(w) is real and the phase is only defined by the exponential. The phase
of this transfer function is then trivially wr+¢. The group delay is the derivative
of this term which is constant.

Eq. 109 now imposes restrictions on the impulse response h(t) of the filter.
To show this we use the inverse Fourier transform of Eq. 109 to get the impulse
response:

Y P
h(n) = ) H(e™)e™" " dw (110)
After some transformations we get:
h(n+71) = iewb(n) (111)
= 27

where b(n) represents the Fourier coefficients of B(w). Since B is real the
coefficients b(n) have the property b(n) = b*(—n). Thus we get a second impulse
response:

1 .
h(n+71) = %ewb*(—n) (112)

Now we can eliminate b by equating Eq. 111 and Eq. 112 which yields:
h(n+47) = e*®n*(—n + 1) (113)

With the shift 7 we have the chance to make the filter “more” causal. We
can shift the impulse response in positive time to get h(n) zero for n < 0. In a
practical application we shift the impulse response by half the number of delays.
If we have a filter with M taps we have to delay by 7 = M/2.

The factor ¢ restricts the values of ¢ because the impulse response must
be real. This gives us the final FIR design rule:

h(n+ M/2) = (=1)*h(—n + M/2) (114)

where £ = 0 or 1. This means that the filter is either symmetric or antisymmetric
and the impulse response has to be delayed by = M/2.

7.8.3 Window functions

So far we still have a infinite number of coefficients for for the FIR filter because
there’s no guarantee that the impulse response becomes zero after M/2 delays.
Thus, we have to find a way to truncate the response without distorting the
filter response.

The standard technique is to multiply the coefficients with a window function
which becomes and stays zero at a certain coefficient n > N so that Eq. 107
need not to run to infinity:

H(2)X(z) = Z h(nT)w(nT)z7"X(z) (115)
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Figure 16: Different window functions applied to a low pass filter (Eq. 127) with cutoff

at f=0.1

and 100 taps.
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1. Rectangular window: truncating the impulse response. Problem: we get
ripples in the frequency-response. The stop-band damping is poor

2. Triangular or Bartlett window: greatly improved stop-band attenuation.

3. Hanning and Hamming window: standard windows in many applications.

w(n) = a+ (1+ a) cos <2]7\;”) (116)

e Hamming: o = 0.54

e Hanning: a = 0.5

4. Blackman window:

2 4
w(n) = 0.42 + 0.5 cos <L”) +0.08 cos (17\;”) (117)

5. Kaiser window: control over stop- and passband. No closed form equation
available. Use MATLAB functions.

To illustrate how window functions influence the frequency response we have
taken an impulse response of a lowpass filter (f. = 0.1) and applied different
window functions to it (Fig. 16).

Note that the higher the damping the wider the transition from pass- to
stopband. This can be seen when comparing the Blackman window with the
Hamming window (Fig. 16). For the lowpass filter this seems to be quite similar.
However, for a bandstop filter the wider transition width might lead actually to
very poor stopband damping. In such a case a Hamming window might be a
better choice.

7.8.4 MATLAB / OCTAVE code: impulse response from the inverse
DFT

Imagine that we want to remove 50H z from a signal with sampling rate of 1kH z.
We define an FIR filter with 100 taps. The midpoint N/2 = 50 corresponds to
500H z. The 50H z correspond to index 5. However, we need to take care that
MATLAB/OCTAVE start their indices with 1 and not 0. This means that the
midpoints are 6 and 96.

f_resp=ones(100,1);
f_resp(5:7)=0;
f_resp(95:97)=0;
hc=ifft(f_resp);

h=real (hc);
h_shift(1:50)=h(51:100);
h_shift(51:100)=h(1:50);
h_wind=h_shift.*hamming(100)’;

To get a nice symmetric impulse response we need to shift the inverse around
50 samples.
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7.8.5 FIR filter design from ideal frequency response

For many cases the impulse response can be calculated analytically. The idea
is always the same: define a function with the ideal frequency response

|H(e’)| = B(e’) (118)
1

and perform an inverse Fourier transform to get the impulse response h(n).
We demonstrate this with a lowpass filter:

; 1 for |w| < w,
Joy| — =
|H(€ )‘ { 0 for We < |w| <7 (119)

Use the inverse Fourier transform to get the impulse response:

1 4 . .
hin) = e H(e?“)el“m (120)
1 Ffwe
= — e dw (121)
2 J_,
101 . 1te
= — | —e“" 122
2w {jne } o (122)
- (e7wem — emIwem) (123)
2min
With these handy equations:
1 . .
sinz = —(e® —e ) (124)
2j
1 . .
cosz = 5(625 +e ) (125)
we get for the filter:
L sinwen forn #0
h(n) = { e forn=0 (126)

This response is a-causal!l However we know that we can shift the response by
any number of samples to make it causal! And we have to window the response
to get rid of any remaining negative contribution and to improve the frequency
response.

Highpass, bandstop and bandpass can be calculated in exactly the same way
and lead to the following ideal filter characteristics:

e Lowpass with cutoff frequency w. = 27 f.:

e forn=20
h(n) = { % sin(wen) for n # 0 (127)
e Highpass with the cutoff frequency w., = 27 f.:
1— e forn =0
hin) = { —-Lsin(wen) forn #0 (128)
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e Bandpass with the passband frequencies w2 = 27 f; »:

h(n) = { o forn =0 (129)

L (sin(won) — sin(win)) for n #0

e Bandstop with the notch frequencies w; 2 = 27 f1 2:

] — w2=wi forn=0
) = { L i) — sn(ean) o 20 30

™

See Diniz (2002, p.195) for more impulse responses.
Here is an example code for a bandstop filter which fills the array h_func
with the analytically calculated impulse response:

n=(-100:100) ;

% sampling rate is 1kHz so this corresponds to 1
% sooo 50Hz correspond to 0.05

wl=2%pi*0.045;

w2=2%pi*0.055;
h_func=(1./(n*pi)).*(sin(wi*n)-sin(w2#n));
h_func(101)=1+(wil-w2) /pi;

subplot(3,1,2);

h_wind=h_func.*hamming(201) ’;

After the function has been calculated it is windowed so that the cut off is

smooth.

7.8.6 Design steps for FIR filters

Here are the design steps for an M tap FIR filter.

1. Get yourself an impulse response for your filter:

(a)

(b)
()

(d)

Create a frequency response “by hand” just by filling an array with
the desired frequency response. Then, perform an inverse Fourier
transform (see section 7.8.4).

Define a frequency response analytically. Do an inverse Fourier trans-
form (see section 7.8.5).

Use an analogue circuit, get its impulse response and use these as
filter coefficients. This is called impulse invariance method (only rec-
ommended if the timing needs to be reproduced but not the frequency
response).

Dream up directly an impulse response (for example, averagers, dif-
ferentiators, etc)

2. Mirror the impulse response (if not already symmetrical)

3. Window the impulse response from an infinite number of samples to M
samples.

4. Move the impulse response to pos time so that it becomes causal (move
it M/2 steps to the right).
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7.8.7 FIR filter design with MATLAB (only with the $8$ DSP tool-
box)

The MATLAB firl command generates the impulse response of a filter with M
taps. For example:

h = fir (M, £, ’stop’);

generates a stopband filter. In this case f needs to be a range (f=[0.1 0.2];).
Consult the online help for more information.

7.9 Signal Detection

How can I detect a certain event in a signal? With a correlator. Definition of a
correlator?

e(t) = / s(r)  r(r) d(r) (131)
0~~~ =~
signal template

How to build a correlator with a filter? Definition of filtering?

e(t) = /000 s(T)h(t — 7)dT (132)

NB. h - integration runs backwards. However we used an int forward! h(t) :=
r(T — ), only valid for 0...7.

e(t) = s(r)yr(T = (t—7))dr (133)

s(m)yr(T —t+7)dr (134)

for t :==T we get: -
o(T) = /O s(r)r(r)dr (135)

h(t) == r(T — t) (136)
| ——
matched  filter!

In order to design a detector we just create an impulse response h by reversing
the template r in time and constructing an FIR filter with it.
How to improve the matching process? Square the output of the filter!

7.10 IIR Filter

IIR filter stands for infinite impulse response. Such filters are implemented as
recursive filters. We will see that impulse responses from exponentials can easily
be implemented as a recursive filter.
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7.10.1 Introduction

We'll try to find a recursive version of a discrete filter. To demonstrate how this
works we take a very simple analogue filter and sample it. This example can
then be generalised to more complex situations.

We define a first order filter which can be implemented, for example, as a
simple RC network:

h(t) = e~ (137)
where its Laplace transform is a simple fraction:
H(s) = ! (138)
C s+b
Now we sample Eq. 137:
h(t) = e 5(t — nT) (139)
n=0
and perform a Laplace transform on it:
s) = Z e~ bt gmnsT (140)
n=0 L—1n
which turns into a z-transform:
oo
H(z) = > ez (141)
n=0
_ Z 7bT 71 (142)
n=0
1

R (143)

Consequently the analogue transfer function H(s) transfers into H(z) with the
following recipe:
1 1

H(s) = & H(Z):W

144
s+b (144)

Thus, if you have the poles of an analogue system and you want to have the
poles in the z-plane you can transfer them with:T

Zoo = eSOQT (145)

his also gives us a stability criterion. In the Laplace domain the poles have to
be in the left half plane (imaginary value negative). This means that in the
sampled domain the poles have to lie within the unit circle.

The same rule applies to the zeros:

z0 = esOT (146)

For example H(s) = s turns into H(z) = 1—271e% = 1— 27! which is basically

a DC filter.
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X(t) =— T

1 -bT

2 > y(t)

Figure 17: IIR filter

7.10.2 Determining the data flow diagram of an IIR filter

To get a practical implementation of Eq. 143 we have to see it with its input-
and output-signals:

Y(z) = X(2)H(z) (147)
= X(Z)l—e—%z—l (148)
= Y(2)z7 e + X(2) (149)

We have to recall that z~! is the delay by 7. With that information we directly
have a difference equation in the temporal domain:

y(nT) = y(fn ~ UT)e ™" + a(nT) (150)

This means that the output signal y(nT) is calculated by adding the weighted
and delayed output signal y([n — 1]T) to the input signal z(nT). How this
actually works is shown in Fig. 17. The attention is drawn to the sign inversion
of the weighting factor e *T in contrast to the transfer function Eq. 144 where it
is —e~ """, In general the recursive coefficients change sign when they are taken
from the transfer function.

7.10.3 Filter design from analogue filters

Traditionally digital filters were designed from analogue filters by transforming
from the continuous domain to the sampled domain. This historical reasons
because before digital signal processing became popular most designs were ana-
logue and used Transfer functions in the Laplace domain. Some popular filter
functions are:

e Butterworth: All poles lie on the left half plane equally distributed on
a half circle with radius €.

— monotonic

— only poles, no zeros

standard filter for many applications

no constant group delay!
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e Chebyshev Filters:

1

‘H(Q)F = 1— 82TN(Q/QP)

(151)

where T = Chebyslev polynomials.
e Bessel Filter:

— Constant Group Delay

— Shallow transition from stop- to passband.

These analogue transfer functions need to be transformed in the sampled
domain. This could be done by the impulse invariance method (Eq. 144). This
method is preferable if we want to preserve the impulse response. However, usu-
ally we want to have a certain frequency response. The problem with impulse
invariance method is that it maps frequencies 1:1 between the digital and ana-
logue domain. Remember: in the sampled domain there is no infinite frequency
but only Fs/2. It ends at the Nyquist frequency which means that we never
get more damping than at F/2. This is especially a problem for lowpass filters
where damping increases the higher the frequency.

The solution is to map all analogue frequencies from 0...0c0 to 0...0.5
(normalised frequency) in a non-linear way:

—0 <<= —n7<w<T (152)

This is called Bilinear Transformation:

2 z-1
_ 2 153
TT O LTx1 (153)

Let’s test if the mapping works. In the analogue domain the frequency is
given as s = j§ and in the sampled domain as z = e’*.

2 [elv —1 2 w
Q= —|——| = =jtan— 154

J T[ejw-i-l] 77 (154)
Note, that the bilinear transform is a nonlinear mapping of the frequency:

2
Q= thm% (155)

So, the cut-off frequency of our analogue filter is changed by the bilinear trans-
formation. Consequently, we need a pre-warp of the analogue filter frequency:

2 c
Q. = Ttan% (156)

where T is the sampling interval.
The general design steps are:

1. Choose the cut-off frequency of your digital filter w,.
2. Pre-warp w, — Q. with Eq. 156
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3. Choose your favourite analogue lowpass filter H(s), for example Butter-
worth.

2 z—1

T to obtain

4. Replace all s in the analogue transfer function H(s) by
the digital filter H(z)

5. Change the transfer function H(z) so that it contains only negative powers
of z (271,272,...) which can be interpreted as delay lines.

6. Build your IIR filter!

7.11 The role of poles and zeros

Transfer functions contain poles and zeros. To gain a deeper understanding
of the transfer functions we need to understand how poles and zeros shape
the frequency response of H(z). The position of the poles also determines the
stability of the filter.

7.11.1 General form of filters

A filter with forward and feedback components can be represented as:

" B!
H(z) = 2o Biz

- e (157)

where B; are the FIR coefficients and A; the recursive coefficients. Note the
signs of the recursive coefficients are inverted in the actual implementation of
the filter. This can be seen when the function H(z) is actually multiplied with
an input signal to obtain the output signal (see Eq. 150 and Fig. 17). The “1”
in the denominator represents actually the output of the filter. If this factor is
not one then the output will be scaled by that factor. However, usually this is
kept one.
In MATLAB/OCTAVE filtering is performed with the command:

Y = filter (B, A, X)

where B are the FIR coefficients, A the IIR coefficients and X is the input. For
a pure FIR filter we just have:

Y = filter (B, 1, X)

The “1” represents the output.
We are going to explore the roles of poles and zeros first with an instructional
example which leads to a bandstop filter.

7.11.2 Zeros

Let’s look at the transfer function:

H(z) = (1—-e&*oz )1 —e vzt (158)
= 1—z71e/ 04 272 (159)
= 1— 271 (e 4 e79w0) 4 272 (160)
= 1—2'2coswp+272 (161)
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Figure 18: A two tap FIR stopband filter for the frequency wp.

which leads to the data flow diagram shown in Fig 18.

H(ejw) =(1- ejwoe*jw)(l _ efj“’Oe*jw) (162)

2 zeros

The zeroes at e/“° and e~ 7“0 eliminate the frequencies wy and —wy.
A special case is wy = 0 which gives us:

H(z) = (1-€%1H1—-e% (163)
1—2271 4272 (164)

a DC filter.
In summary: zeros eliminate frequencies (and change phase). That’s the idea

of an FIR filter where loads of zeros (or loads of taps) knock out the frequencies
in the stopband.

»y(n)

Figure 19: A two tap IIR resonator for the frequency wo and with the amplification r.

7.11.3 Poles

While zeros knock out frequencies, poles amplify frequencies. Let’s investigate
complex conjugate poles:
1

H(z) = (1 —re?®0z7 1) (1 — re=dwoz=1) (165)

2poles!

which are characterised by their resonance frequency wy and the amplification
0<r<l.
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In order to obtain a data flow diagram we need to get powers of z~! because
they represent delays.

1
H(z) = 1
(2) 1—2rcos(wp)z=t + 12272 (166)
which we multiply with the input signal Y(2):
1
Y = X 1
(2) (2) 1—2rcos(w)z=t 4+ r2z—1 (167)
X(2) = Y(2)=Y(2)2rcos(wp)z ! + Y (2)r?z72 (168)
Y(2) = X(2)—27'Y(2)2rcos(wg) + 272V (2)r? (169)

This gives us a second order recursive filter (ITR) which is shown in Fig 19. These
complex conjugate poles generate a resonance at +wy where the amplitude is
determined by r.

7.11.4 Stability

A transfer function H(z) is only stable if the poles lie inside the unit circle. This
is equivalent to the analog case where the poles of H(s) have to lie on the left
hand side of the complex plane (see Eq. 145). Looking at Eq. 165 it becomes
clear that r determines the radius of the two complex conjugate poles. If r > 1
then the filter becomes unstable. The same applies to poles on the real axis.
Their the real values have to stay within the range —1...+ 1.

In summary: poles generate resonances and amplify frequencies. The am-
plification is strongest the closer the poles move towards the unit circle. The
poles need to stay within the unit circle to guarantee stability.

Note that in real implementations the coefficients of the filters are limited in
precision. This means that a filter might work perfectly on MATLAB but will
fail on a DSP with its limited precision.

Figure 20: A two tap IIR bandstop filter with tuneable stopband width r for the
frequency wo.

7.11.5 Design of an IIR notch filter

Now we combine the filters from the last two sections:
1 —2cos(wp)z™ ! + 272

H(z) =
() 1 —2rcos(wp)z™1 + 12272

(170)
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This gives us a notch filter where its width is tunable with the help of r < 1.
The closer r goes towards 1 the more narrow is the frequency response. This
filter has two poles and two zeros. The zeros sit on the unit circle and eliminate
the frequencies +wy while the poles sit within the unit circle and generate a
resonance around +wgy. As long as r < 1 this resonance will not go towards
infinity at +wg so that the zeros will always eliminate the frequencies +wy.

A C++ implementation of such a filter is quite compact and requires no
loops:

float Iirnotch::filter(float value) {
float input=0.0;
float output=0.0;
// a little bit cryptic but optimized for speed
input=value;
output=(numerator [1]*buffer[1]);
input=input-(denominator [1]*buffer[1]);
output=output+(numerator [2] *buffer[2]) ;
input=input-(denominator [2] *buffer[2]);
output=output+input*numerator [0] ;
buffer[2]=buffer[1];
buffer[1]=input;
return output;

}

This filter is part of the program comedirecord and is used to filter out 50Hz
noise.

7.11.6 Identifying filters from their poles and zeroes

Proakis and Manolakis (1996, pp.333) has an excellent section about this topic
and we refer the reader to have a look. As a rule of thumb a digital lowpass
filter has poles where their real parts are positive and a highpass filter has poles
with negative real part of the complex poles. In both cases they reside within
the unit circle to guarantee stability.

8 Limitations / outlook

So far the coefficients have been constant in the filters. However, in many
situations these coefficients need to change while the filter is operating. For
example, an ECG with broadband muscle noise requires an adaptive approach
because the noise level is unknown. The noise and the ECG overlap in their
spectra. We need a lowpass filter which does a tradeoff between loosing the
signal and filtering out most of the noise: The problem is that the signal to
noise ratio is constantly changing. A fixed cut off is not a good option. We need
to change the cut off all the time. One example is a Kalman filter. The idea is
to maximise the predictability of the filtered signal. A lowpass filter increases
the predictability of a signal because it smoothes the signal.

b

H(z) = 1—az"1

(171)
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The parameter a determines the cutoff frequency. Frequency Response :

. b
H(ed%Y| = | —— 172
()] = |- (172)
Let’s re-interpret our low-pass filter in the time domain:
yin)  =a(n) yn-1) +b(n) x(n) (173)
~— —_—— ~—~—
actual estimate previous estimate current data sample
We would like to have the best estimate for y(n)
2
p(n) = E[(y(k) = yrear(k))"] (174)

We need to minimise p which gives us equations for a and b which implements
a Kalman filter.

Transmission line equalisation also requires an adaptive approach where the
coeflicients of the filter are determined by a known training sequence. The
coefficients are changed until the desired training sequence appears at the output
of the filter.
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